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SEVERAL CLASSES OF BENT, NEAR-BENT AND 2-PLATEAUED 
FUNCTIONS OVER FINITE FIELDS OF ODD CHARACTERISTIC 

GUANGKUI XU, XIWANG GAO 


Abstract. Inspired by a recent work of Mesnager, we present several new infinite fam¬ 
ilies of quadratic ternary bent, near-bent and 2-plateaued functions from some known 
quadratic ternary bent functions. Meanwhile, the distribution of the Walsh spectrum 
of two class of 2-plateaued functions obtained in this paper is completely determined. 
Additionally, we construct the first class of p-ary bent functions of algebraic degree p over 
the fields of an arbitrary odd characteristic. The proposed class contains non-quadratic 
p-ary bent functions that are affinely inequivalent to known monomial and binomial ones. 


1. Introduction 

Boolean functions with few Walsh transform values have useful applications in cryptog¬ 
raphy and communications. Such functions provide protection against linear cryptanalysis 
in cryptography [24] and correspond to sequences that have low cross-correlation with the 
m-sequence in communications [14]. Boolean bent functions which have the highest pos¬ 
sible nonlinearity with even number of variables were first introduced by Rothaus [29] in 
1976. Bent functions have been widely studied and have received much attention due to 
their significantly important role in cryptography, coding theory, communication, and se¬ 
quence design. As a generalization of Rothau’s notion of a bent function, Kumar, Scholtz 
and Welch extended it to p-ary bent functions from Z” to Zp in [20], where p is an in¬ 
teger. In the case of p-ary bent functions things are naturally much more complicated 
compare to Boolean bent functions. A number of recent papers are devoted to the de¬ 
scription of new classes of bent functions. However, there are a few known families of 
bent functions. In general, there are two ways to construct bent functions: primary con¬ 
structions and secondary constructions. For some primary and secondary constructions 
of bent functions on monomials, binomials and quadratic functions, the reader is referred 
to [1, 2, 6, 12, 16, 21, 22, 25]. Surveys of known results on bent functions can be seen 
in [4, 13, 28] and the references therein. Plateaued functions were introduced by Zheng 
and Zhang as good candidates for designing cryptographic functions since they possess 
desirable various cryptographic characteristics [36]. For more results on the treatment of 
plateaued functions, we refer to [5, 7, 8, 9, 10, 19, 26, 35, 37] 

For a prime p and a positive integer n, let be the finite field with p"" elements and 
F*„ = Fpn \ {0}. For any k dividing n, we denote the trace function from Fpn to ¥pk as 
follows: 

^ / \ „n — k 

Tr^ {x) = X + + x^ + ■ ■ ■ + x^ 

n—1 ^ 

For k = 1, Tr”(x) = called the absolute trace function. Recently, Mesnager [27] 

i=0 

proved a strong version of [3, Theorem 3], and provided several primary and secondary 
constructions of bent functions. Via some known binary monomial bent functions and their 
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corresponding dual functions, she obtained two new infinite families of bent functions with 
the forms 

(1.1) f{x) = + Tr”(Mx)Tr”(nx) 

and 

( 1 . 2 ) fix) = Tr^(x2"+i) + Tr^ ^ ^( 2 '=-i)^+i \ ^ Tr’((^^)Tr"(ra) 

over F 2 n, where n = 2k, A G F*^, and u, n G F^n. It is well known that a function given by 
adding a linear function to one bent function is also bent. Inspired by the work of [27], a 
very natural question is considered: whether we can obtain new p-ary bent functions by 
adding the product of two linear functions to some known p-ary bent functions? In a very 
recent paper [33] , the authors proved that some such p-ary functions are also bent under 
certain conditions. In this paper, we will continue the work of [27, 33] and construct more 
ternary bent and 2-plateaued functions of the form 

(1.3) fix) = Tr^(Ax3"+i) + TTfiux)Tt^ivx) 

over F 3 n, where n = 2k, A G F*j, and u, n G Fgn. For an odd prime p, some p-ary bent 
functions of the form 

(1.4) fix) = Tr’((Ax‘^) - TT^iux)TT^ix)P-^ 

over ¥pn are obtained, where d = p^ -|- 1 or 2. The main result of this paper is obtained 
from the study of the Walsh transform, which is different from the one used in [27]. 

The rest of the paper is organized as follows. In Section 2, we give some notations and 
related results. In Section 3, using some known ternary bent functions, we derive more 
ternary bent, near-bent and 2-plateaued functions of the form (1.3). In Section 4, two new 
classes of non-quadratic p-ary bent functions of algebraic degree p with the form (1.4) are 
obtained. 


2. Preliminaries 


A polynomial fix) G Fpn[x] is called a permutation polynomial of F^n if it induces a 
bijective map from Fpn to Fpn. For a permutation polynomial fix) G Fpn[x] there exists 
(a unique) /“^(x) G Fp™[x] such that /(/“^(x)) = /“^(/(x)) = x (mod x^" — x). We call 
/“^(x) the compositional inverse of fix). A polynomial of the form 

m 

L(x) = ^^OjX^ G Fpn[x] 
i=0 

is called a linearized polynomial. It is well known that the compositional inverse of a 
linearized permutation polynomial is also a linearized polynomial. Recently, the compo¬ 
sitional inverse of of some linearized permutation polynomials have been discovered. For 
detailed information, the reader is referred to [11, 30, 31, 32]. 

For some I \ n, denote by Np : Fpp —)■ Fp* the norm function Npix) = x . 


Lemma 1 (Theorem 2.1 [31]). Let a G Fpn and d = gcd(n, r). Then the linearized binomial 
La,rix) = x^^ + ax is a permutation polynomial over Fpn if and only if (—1) ^ A'^(a) / 1. 
Moreover, 


^a,rix) 


N2ia) 


1-1 


mia)+ i-l)-^ t 


^ ^ 


(i + l)T-i 


i=0 
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TL 

In particular, ifn is even, then La^ 2 i{x) = + ax is a linearized permutation polynomial 

n 

overWpn if and only ifaP^~^^ / 1, and 



1 


— 1 


{aP^x — X 2 ). 


Let / ; Fpn Fp be ap-ary function with n variables. For any integer d G {0,1, • • • ,p"' — 
1}, let Yl^=o diP^ be its p-ary expansion with 0 < hj < p — 1, then the p-weight of d denoted 
by Wp{d) equals YIIZq di. Recall that each function / : F^n —>■ Fp can be represented by 
a univariate polynomial over Fpn. The algebraic degree of f{x) is equal to the maximum 
p-weight of an exponent j of the term ajX^ in f{x) with Oj 0. 

The Walsh transform of / is defined as follows 

Xf{a)= Y. a;^(")-T--r(-),a€Fp., 

XGFpTT 

where uj = is a primitive p-th root of unity. The values xf (o)! ® S'l's called 

the Walsh coefficients of /. The Walsh spectrum of a Boolean function / is the multiset 
{Xf{a),a G Fpn}. 

Definition 1. A p-ary function f is called bent if |x/('^)l = fox oil a G Fp^. 

A p-ary bent function f{x) is called regular if Xf{a) = p”/2(^/*(“) for any a G Fpn, where 
the function f*{x) is called the dual of f{x). A bent function f{x) is called weakly regular 
if there is a complex p with unit magnitude such that Xf{o) = p^/"^. The dual of 
a (weakly) regular bent function is again a (weakly) regular bent function [15]. 

Definition 2. [7] For an integer 0 < s < n, i/ |x/(«)| = {0,p~^} for all a G Fpn, then 
we call f s-plateaued (for s = 1 the term near-bent is common). 

For s G {0,1,2}, s-plateaued functions have been actively studied and have attractive 
much attention due to their cryptographic, algebraic, and combinatorial properties. 

Two functions f,g : Fpn —)• Fp are called affinely equivalent [18, 34] if f{x) = ag{l{x) -\- 
b) c for some linearized permutation l{x) G Fpn[x], a,c £ Fp and b G Fpn. Note that 
algebraic degree, bentness of a p-ary function are affine invariants. 

In this paper, we mainly focus on the secondary constructions via some known p-ary 
bent functions. Thus, we need to recall the following known results. 


Lemma 2 (p-ary Kasami, Corollary 4 [23, 15]). Let n = 2k and A G F**,. For any 

odd prime p, the p-ary monomial f{x) = Tr5^(Ax^^'''^) is a weakly regular bent function. 
Moreover, for a G Fpn the corresponding Walsh transform coefficient of f{x) is equal to 


Xf{a) = -p UJ 


k. .-Trf U 


Lemma 3 (Sidelnikov, Corollary 3 [15]). For any nonzero A G Fpn and odd prime p, 
the p-ary monomial f{x) = Tr”(Ax^) is a (weakly) regular bent function. Moreover, for 
a G Fpn the corresponding Walsh transform coefficient of f{x) is equal to 


( 2 . 1 ) 


Xf{a) 


7/(A)(—I)"" ^p2a; i/p=l(mod4); 

p(A)(—l)"'“^i”p 2 u;“'^’'i*^4x1, i/p = 3 (mod4), 


where i = \/-W and rj is the quadratic character of Fpn. 
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3. Quadratic ternary bent, near-bent and 2-plateaued functions from 
SOME known ternary BENT FUNCTIONS 


In this section, we will construct several classes of quadratic ternary bent, near-bent 
and 2-plateaued functions. Before doing this, we need the following lemma. 


Lemma 4 ( Lemma 4 [33]). Let n be a positive integer and tt,u € Fgn. Let g{x) be a 
ternary function defined on . Define the ternary function f{x) by 

fix) = g{x) + Trfiux)TTfivx). 


Then for any a € Fs^ 
Xfia) 


(3.1) 


, the corresponding Walsh transform coefficient of f{x) is equal to 
=^[X 9 (o) + Xgia + u)+ Xg{a - u) 

+ Xgia - t) + wxg(a -v + u)+ u?Xgia - v - u) 

+ Xgia + v)+ Lu'^Xgia + v + u) + uJXgia + v -u)], 


where oj is a primitive 3-rd root of unity. 

It was shown in [8] that quadratic monomial near-bent functions Tr”(AxP +^), A € F^™ 
in odd characteristic p do not exist. Now, we can derive the following construction of 
ternary near-bent functions via ternary monomial bent function Tr”(Ax^ ■*'^). We define 
a subset of Fg as 


Al = {(0,1,1), (0,2,2), (1,1,1), (1, 2,2), (2,0,1), (2,0,2), (2,1,0), (2,2,0)}. 


Now, using Lemmas 2 and 4, we can obtain the next theorem. 


Theorem 1. Let k > 1 and n = 2k. Let A G F*j, and u,v £ Fgn. Let f be the ternary 
function defined as 

(3.2) fix) = Tr5'(Ax^^’''^) -|- Tr” (ux)Trg (ux). 

1) : If iTrfiX-\^''v),Tv’liX-^u^''+^),T4iX-^v^’^+^)) G F^ \ (A U {(2,0,0)}), then f 
is bent. 

2) : If (Trg (A“^u^^u), Trg(A“^u^*'+^), Tr5’(A“^u^^+^)) G A, then f is near-bent. 

3) : //(Tr”(A“^u^*'u), Tr^(A“^u^*'+^), Tr^(A“^u^*'+^)) = (2,0,0), then f is a ternary 
2-plateaued function. Moreover, when a runs through all elements in Fsn, the 
distribution of the Walsh spectrum of ternary 2-plateaued function f is given by 


0, 

occurs 3"’ — 3”“^ times, 

-3^+1, 

occurs 3”’“^ — 2 • 3^“^ times 

-3’^+^uj, 

occurs 3”’“^ -|- 3^“^ times. 

-3^+^a;2, 

\ ’ 

occurs 3”“^ -|- 3^~^ times. 


Proof. Let g{x) = Tr^ (Ax^*""*”^). For a G Fsn, it follows from Lemma 4 that 

Xfia) = Ai -A As -A A3, 

where 

-^1 = \[Xgia) + Xgia + m) -A Xg(« - w)], 


A 2 =^[Xgia -v)+ UJXgia -v + u)+ uj'^Xgia - v - u)] 

and 

^3 =^[X 3 (a + '(^) + uj'^Xgia + V -I u) + uxgia + v - u)]. 
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From Lemma 2, we have Xg{^) = —3*^a; Then 

=\[Xg{a) + Xgia + w) + Xg{a - u)] 

^l|-_3fc^-TrJ(A-la3'“+l) _ ^-TT^(X-^a^'‘+^)-Ti’l(X-^{a^'" u+au^*^ ))-Ti'^(X-^u^’°+^) 

3 

- 3fc^-Tri('^"^“^*^^)+TrJ(A“ha3'‘«+a«3'=))_TrJ'(A-l«3''+l)j 

= _ Igfc^-TrJCA-laS'+Lji +^-Try(A-la3"«)-Tr^(A-l«3'“+l) 

3 

+ ^Try(A-la3'“«)-Tr^(A-lM3''+l)j 

where the last identity holds due to the transitivity property of Tr”(x), that is, Tr”(a;) = 

Tt’liTvlix)). 

Similarly, we have 

^2 =^[(Xff(a - n) + uxgia - v + u) + uj^Xg{a - v - u)] 

= — i3fc^-Tr*(A-la3''+l)+Tr5*(A-la3'''u)-TrJ(A-T3''+l) 

3 

_|_ ^2+Tr5‘(A-la3'“u)-Tr5*(A-l«3'''!;)-Tr^(A-lu3''+l)j 

and 

'^s =^[Xg{a + n) + uj^Xg{a + ?; + •«)+ u:Xg{a + v - u)] 

= _ lofc -Tr^(A-la3'“+l)-Tr5*(A-la3'''u)-Tr5=(A-ii;3''+l) 

3 

X [1 _|_ ^^2-Tr5*(A-la3''u)-Tr5*(A-lu3'=^)_Trfe(;,-l„3'=+l) 

_|_ ^l+Tr5*(A-la3''u)+Tr5*(A-l«3'=^)_TrJ(A-lu3'=+l)j 

Let to = Tr”(A“^tt^*'r;), ti = TrJ^(A“^ri^*'+^) and t 2 = Tr5^(A“^?;^*'+^). Denote ci = 
Tr”(A“^a^ u) and C 2 = Tr”(A“^a^ v). Then the sums Ai, A 2 and A 3 can be written 
as 

(3.3) Ai = 

O 

(3.4) A 2 = - _^^i-ci+to-ii ^2+ci-to-4i) 

3 

and 

(3.5) As = - _^^ 2 -ci-to-ti ^i+a+to-t^y 

3 

Combining (3.3)-(3.5), we get 

Xfia) =Ai + A2 + A3 

3 

_j_ ^C2—*2 _j_ C2—*2 _j_ ^1—Cl+C2+to—tl—*2 _j_ ^2+Cl+C2—tQ—*1—L 

^3 Q'\ _j_ ^2—Cl—C 2 —to—tl —*2 _j_ ^1+Cl—C 2 +to—tl —*21 


5 


1) We only give the proof of the case of (to, ti, ^ 2 ) = (1, 2,1) £ IP 3 \ (^U {(2, 0,0)}) since 
the others can be proven in a similar manner. Note that (cq, ci) G IF 3 for a fixed a G F 3 n. 
Depending on the value of the pair (co,ci) and from (3.6), we have 


Xf{a) 


Ai + A3 + A3 

' if (ci,C 2 ) = ( 0 , 0 ), 

< 3 fc^-TrJ(A-A 3 ^+i)+i^ if(ci,C 2 )G{(l, 0 ),(l,l),( 2 , 0 ),( 2 , 2 )}, 

, if(ci,C 2 )G{( 0 ,l),( 0 , 2 ),(l, 2 ),( 2 ,l)}. 


Hence, for all a G ^ 3 ^, we can see that |x/(a)| = 3^ if (to,H,i 2 ) = (1,2,1). 

2) Let uj = where i = y/—l. It is easy to verify that — cj = —\/3i. Similar 

as in 1), we only give the proof of the case of (to, ti, t 2 ) = (0,1,1) G A. For a G Fsn, from 
(3.6), we have 


X/(a) = Ai + A3 + A3 

3 fc+l/ 2 ^^-Tr^(A ^3 +1)^ (ci,C 2 ) = (0,0), 

= ^ 3fc+i/2^^-T.^(A-A3'=+i)+i^ if(ci,C2)G{(l,2),(2,l)}, 

0 , otherwise. 

Consequently, for a G Fsn, |y/(a)| G {0,3^+^/^} if (to,ti,t 2 ) = (0,1,1). 

3) If to = 2, ti = 0 and t 2 = 0, by (3.3)-(3.5), we have 

X/(a) = Ai + A3 + A3 

= + +a;'=3)(l +a;^2 

3 

(3.7) =/ -3"+lo;-Tr?(A-ia^'=+L, if (q, C 2 ) = (0, 0), 

1 0 , otherwise. 

Therefore, |x/(a)| G {0,3^+^} for all a G Fsn. Then / is 2-plateaued. 

By a complex and lengthy computation, we can obtain the value distribution of the 
Walsh transform of 2-plateaued function /, and the details are presented in Appendix 
6 . □ 


Example 1. Let k = 3, n = 6. Let a be the generator o/Fgg with — a‘^ + a‘^ — a —2 = 0. 

1) : Take A = u = and v = a®. Then f defined by (3.2) is 

f{x) = Tr5(a®^x^®) + Tr®(a'^a:)Tr®(a®x). 

By a Magma program, we can see that Tr?(A“^u^’^?;) = 1, Tr?(A“^u^®) = 0, 
Tvl{\-^v^^) = 0 and f is bent. 

2) : Take A = u = and v = . Then f defined by (3.2) is 

f{x) = Tr^(a^'^x^®) + Tr\{a^ x)Ti\{a^^ x). 

By a Magma program, we can see that Tr®(A“^u^’^?;) = 2, Trf(A“^u^®) = 2, 
Trf(A“^u^®) = 0 and f is near-bent. 

3) : Take A = u = and v = . Then f defined by (3.2) is 

f{x) = Tr^(a®^x^®) + Tr®(a^x)Tr®(a^^x). 

By a Magma program, we can see that Trf (A“^rt^’^u) = 2, Trf(A“^u^®) = 0, 
Trf(A“^u^®) = 0 and f is 2-plateaued. Moreover, the value distribution of the 





Walsh transform of f is 


0, occurs 648 times, 

—81, occurs 21 times, 

—81w, occurs 30 times, 

—81w^, occurs 30 times. 

Thus, our computer experiments are consistent with the results given in Theorem 1. 

We define a subset of Fg as 

B = {(0,1,1), (0,2,2), (1,0,1), (1,0,2), (1,1,0), (1,2,0), (2,1,1), (2,2, 2)}. 

Similarly, by Lemmas 3 and 4, we can prove the following theorem. 

Theorem 2. Let n be a positive integer with n > 3 and X,u,v G Fgn. The ternary function 
f defined as 

(3.8) f{x) = Tr”(Ax^) + TV”(ux)Trg (ux). 

1) : If{TT^{X-^uv),TTf{X-^u^),Trf{X-^v'^)) G F^ \ (.B u {(1,0,0)}), then f is bent. 

2) : If (Tr”(A“^uu), Tr”(A“^u^), Tr”(A“^?;^)) G B, then f is near-bent. 

3) : //(Tr”(A“^uu), Tr”(A“^tt^), Tr”(A“^u^)) = (1,0,0), then f is a ternary 2-plateaued 
function. Moreover, when a runs through all elements in Fa^, the distribution of 
the Walsh spectrum of ternary 2-plateaued function f is shown as follows. 

occurs 3” — 3”“^ times, 
occurs 3”“^ times, 
occurs 3”“^ + r]{X)i"'~^^3^~ times, 
occurs 3”“^ — r]{X)i'^~^^3^~ times. 

occurs 3” — 3”“^ times, 
occurs 3”“^ — 2r/(A)i”3 2 times, 
occurs 3”“^ + 77 (A)f ”32 times, 

occurs 3”“^ + 77 (A)f ”32 times. 

Proof. The proof is similar to that of Theorem 1 and is omitted. □ 

Remark 1. By Theorems 1 and 2, one can conclude that a ternary function given by 
adding the product of the product of two linear functions to known ternary bent function 
Tr^(Ax^ ■*“^) or Tr”(Ax^) must be among ternary bent, near-bent and 2-plateaued function. 

It is interesting to find other ternary bent functions /(x) such that /(x) + Tr”(rtx)Tr”(ux) 
are also bent. 

Example 2. Let n = 4 and let a be the generator of ¥*4 with — 1 = 0. 

1) : Take X = a, u = and v = (^. Then f defined by (3.8) is 

/(x) = Trg(ax^) + Trg(a^x)Tr 2 (a’^x). 

By a Magma program, we can see that Trg(A“^uu) = 2, Trg(A“^tt^) = 2, Trg(A“^u^) = 
0 and f is bent. This is consistent with the results given in Theorem 2. 

2) : Take X = a, u = and x = a®. Then f defined by (3.8) is 

/(x) = Trg(ax^) + Trg(a^x)Tr 2 (a®x). 

By a Magma program, we can see thatTx\{X~^uv) = 1, Trg(A“^tt^) = 2,Tr|(A“^x^) = 
0 and f is near-bent. 


Xf{a) = < 


i) For the case n is odd, 

' 0 , 

r]{X)F3^~^^ , 
ri{X)i"‘3^~^^uj, 
rj{X)i'^3 2~^^uj‘^, 

i) For the case n is even, 

—r]{X)i'^3^~^^ , 
—r]{X)i"‘3 2~^^uj, 


Xf{a) = < 
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3): Take X = a, u = and v = a^. Then f defined by (3.8) is 
f{x) = Tr^(ax^) + Trf (Q:^®x)Trf (a^x). 

By a Magma program, we can see that’T]:\{\~^uv) = 1, Trf(A“^tt^) = 0, Trf(A“^?;^) 
0 and f is 2-plateaued. The the value distribution of the Walsh transform of f is 

0, occurs 72 times, 

27, occurs 5 times, 

27u, occurs 2 times, 

27a;^, occurs 2 times. 

Thus, our computer experiments are consistent with the results given in Theorem 2. 

Below, we identify Fan (where n = 2k) with Fafc x Fafc. For a = ( 01 , 02 ), 6 = (^ 1 ,^ 2 ) S 
¥^k X Fafe, the scalar product in Fan can be defined as ((oi, 02 ), (&i, b 2 )) = Tr^(ai 6 i + 0262 )- 
The well-known Maiorana-McFarland class of ternary bent functions can be defined as 

g{x, y) = Tri(x 7 r(y)) -h h{y), {x, y) £ Fafc x Fafc 

where vr ; Fafc —>■ Fafc is a permutation and /i is a ternary function over Fafc, and its dual is 
given by 

g*{x,y) = -Ti\{yn~^{x)) + /i( 7 r"^(a:)) 

where 7 r“^ denotes the inverse mapping of the permutation vr [20]. This together with the 
definition of the dual function implies that for each a = (oi, 02 ) £ Fan 

(3.9) Xg{ai,a2) = 3 fc,j-Tr?(a 2 --bai))+M--nai)). 

Similar to Lemma 4, we have the following result. 

Lemma 5. Let n = 2k be a even positive integer and (ui, tt 2 ), (ui, U 2 ) £ Fafc x Fafc. Let 
g{x,y) he a ternary function defined on Fafc x Fafc. Let f{x,y) be the ternary function 
defined as 

fix,y) =g{x,y) + Tr’({uix + U 2 y)Tri{vix + V 2 y). 

Then for any ( 01 , 02 ) £ Fafc xFafc, the corresponding Walsh transform coefficient of f{x,y) 
is equal to 

X/(oi, 02 ) =^[xg(oi,a 2 ) + Xg(oi 01,02 + U 2 ) + Xg{ai - 01,02 - 02 ) 

+Xg{o>i - vi,a2 - V2) +0JXg{ai -vi+ 01,02 - 02-^02) 

+iJ'Xg{ai -vi- 01,02 - 02 - 02 ) +Xg(oi -b 01,02 -b 02 ) 

-bco^Xg(oi -b oi -b 01,02 -b 02 -b 02 ) -btoxg(oi -b oi - 01,02 -b 02 - 02 )] 
where oj is a primitive 3-rd root of unity. 

The following theorem will employ the linearized permutation polynomial over Fafc to 
give new ternary bent functions from the class of Maiorana-McFarland. 

Theorem 3. Let A be the subset 0 /F 3 defined as above. Let n = 2k and o = ( 01 , 02 ), o = 
( 01 , 02 ) be two nonzero elements in Fafc x Fafc. Assume that tt is a linearized permutation 
polynomial overV^k. Let f{x,y) be the ternary function given by 

(3.10) f{x, y) = Th:\{x-K{y)) + W\{y) + Tt\{uix -b U 2 y)TT\{vix -b V 2 y). 

1) : If (Tr5'(o27r“^(oi) -b O27r"^(oi)), Tr5'(o27r“^(oi)), Tr^(o27r“^(oi))) £ F| \ (^ U 
{( 2 , 0 , 0 )}), then f{x,y) is bent. 

2) : //(Tr}^(o27r“^(oi)-b027r"^(oi)),Tr}^(o27r“^(oi)),Tr5'(o27r“i(oi))) e A, thenf{x,y) 
is near-bent. 




3): //(Tr^(tt27r ^{vi) + V 2 'n: ^{ui)),T t\{u 2 'k ^{ui)),Ti^{v 2 Tt ^{vi))) = (2,0,0), then 
f(x, y) is a ternary 2-plateaued funetion. 

Proof. Let g{x,y) = Tr5^(x7r(y))+Tr^(y). Applying Lemma 5, for each (ai, 02 ) GF 3 fcxF 3 fe, 
we have 

X/(oi, 02) = Ai + A2 + A3, 

where 

-^1 =-^[Xg(ai,a 2 ) + Xg{ai + ui,a 2 + U 2 ) +Xg(ai - ui,a 2 - U 2 )], 


and 


^2 =^[%(ai - vi,a 2 - V 2 ) +uJXg{ai - ui + tti,a 2 -V 2 + U 2 ) 
+ J^Xgiai -vi- ui,a 2 -V 2 - U 2 )]. 


A3 =-^[Xg(oi +'^1,02 +i; 2 ) +L 0 ^Xg{ai +Vi + Ui,a2 + V2 + U2) 


+ ujXg(ai + -yi - Ul,a2 + V2- U2)]. 

Note that vr is a linearized permutation polynomial, and thus, is also a linearized per¬ 
mutation polynomial. From (3.9), we can compute the sums Ai, A 2 and A 3 respectively. 

A 3 =-Xg{ai, a 2 )[l + (^-Tri(“27r-h“l))-Tri(“27r-l(ai))+Tr('(7r-l(Ml))-Tr('(ti27r-l(«l)) 

3 

(3.11) -I- (^Tri(“ 27 r-h«l))+Tr 5 ^(« 27 r-l(ai))-Tr^( 7 r-h“l))-Tri(“ 27 r-l(Ml))j 

Similarly, we have 

3 


(3.12) 


X [1 + (®27r ^(ui))-Tri (U27r ^(ai))+Tri (tt ^(wi))-Tri (u27r ^ 

X ^;Tri(“27r"h'»l))+TrJ(i;27r“h“l)) 

_|_ ^2+Tr('(a27r-l(ui))-|-TrJ(u27r“^(ai))-Tr('(7r-l(ui))-TrJ(M27r“^(Ml)) 
X a;“'^''l(“27r-h^'l))-Tr('(i)27r-l(Ml))j 


(ni)) 


and 


(3.13) 


Ag =l£g(a3, a2)<^~'^l*'“^’^ h^l))-Tri(«27r ^(“l))+TrJ (tt («27r ICki)) 

3 

X [1 + 3^;2-Tri (a27r“l(ui))-Trj (ii27r“l(ai))+Trj(7r“l(ui))-Tr^(ii27r“l(ui)) 

X ti;-Trf(u2vr-l(i'l))-Tr^('»27r-h«l)) 

_j_ j^l+Tr^ (a2 7r“h“l))+TrJ (-!i2vr“l(ai))-Trj (“2 7i'“^('Ul)) 

X |^TrJ(u27r-h''^l))+Tri(v27r"h“l))]_ 


For convenience of presentation, we let to = 'Lv\(u 2 T^~^(vi)) + Tr^(u 2 vr“^(ui)), ti = 
Tr 3 (u 27 r“^(ui)) and t 2 = Tr^ (u 27 r“^(ui)) and denote ci = Tr^ (a 2 vr“^(ui))+Tr 3 (M 27 r“^(ai)) — 
Tr 3 ( 7 r“^(tii)) and C 2 = Tr 3 (a 27 r“^(?;i)) + Tr 3 (u 27 r“^(ai)) — Tr 3 ( 7 r“^(ui)). Thus, (3.11), 
(3.12) and (3.13) can be written as 


Ai = \Xg(ai,a 2 )(l + oj "=1 * 1 ) , 
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and 


o 

Similar as the proof of Theorem 1, detailed discussing of the possible values of U and q 
leads to the desired conclusion. □ 

Remark 2. To obtain our constructions in Theorem 3, we need to know the compositional 
inverse of a given linearized permutation polynomial over F 3 i;. It is clear that the simplest 
suitable linearized permutation polynomial vr over F 3 fc in Theorem 3 is where 0 < i < 
n — 1. In addition, the linearized permutation binomials in Lemma 1 with p = 3 can also 
be employed to construct ternary functions in Theorem 3. 

Example 3. Let k = A and n = 8. Let a be the generator of ¥^4 with — 1 = 0. 

Take 7 r(y) = y® + ay, by Lemma 1, we can get 7 r“^(y) = — l)~^{a^y — y®). 

1) : Let u = (ttijUs) = and v = {vi,V 2 ) = {a^^,a^). Then f{x,y) defined by 

(3.10) is 

f{x, y) = Tri(a:(y® + ay)) + Tri(y) + Trf{a‘^x + a^y)Trj{a^'^x + a'^y). 

Using Magma, we can verify that Trf{u 2 TT~^{vi))+Tvi{v 2 'n'~^{ui)) = 1, Tvf(u 2 Tr~^(ui))) 
0, Trf (u 27 r“^(ui))) = 0 and f{x,y) is bent. 

2) : Let u = (uijUs) = and v = (uijUs) = Then f{x,y) defined 

by (3.10) is 

f{x, y) = Trf (x(y® + ay)) + Tri(y) + Ti\{a^^x + a^^y)Trf{a^^x + a’^^y). 

Using Magma, we can verify that Trf{u 2 TT~^{vi))+Tvf{v 2 TT~^{ui)) = 2 , Trf (M 27 r~^(ui))) 
2, Trf (u 27 r“^(ui))) = 0 and f{x,y) is near-bent. 

3) : Let u = (ui,tt 2 ) = {a^,a^) and v = (ui,U 2 ) = Then f{x,y) defined 

by (3.10) is 

f{x, y) = Tri(x(y® + ay)) + Trf (y) + Tr\{a^x + a^y)Tr\{a^^x + a^^y). 

Using Magma, we can verify t/iat Trf(u 2 '/r“^(ui))+Trf(u 2 vr“^(tti)) = 2, Tr^(u 27 r“^(ui))) 
0, Trf (u 27 r“^(ui))) = 0 and f{x,y) is 2-plateaued. 

Our computer experiments are consistent with the results given in Theorem 3. 

4. Two NEW CLASS OF NON-QUADRATIC p-ARY BENT FUNCTIONS OF ALGEBRAIC 

DEGREE p 

In [33], the authors provided a class of non-quadratic p-ary bent functions f{x) = 
Tri(Aa;^“+^) -|- cTr"(a:)P“^ of the algebraic degree p — 1, where is odd. In this 

section, two new class of non-quadratic p-ary bent functions of algebraic degree p will be 
obtained. Before doing this, we need the following lemma. 

Lemma 6. Letp be an odd prime and n be a positive integer. Let g{x) be a p-ary function 
defined on Fpn. Let f{x) be the p-ary function defined by 

f{x) = g{x) - Tvf{ux)TT^{x)P~^, 
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where c G F* and u G F*n . Then, for every a G F^™ the eorresponding Walsh transform 
eoefficient of f{x) is equal to 

^ p-i ^ p-i 

Xf{a) = + - - '^Xg{a + u + j) +Xg{a + u), 

Pj=o Pj=0 

where w is a primitive p-th root of unity. 

Proof. For z = 0,1, • • • ,p — 1, we define Tj = {x G Fpn|Tr”(x) = i}. To calculate the Walsh 
transform coefficient of f{x) evaluated at a G Fp^, we define the following exponential sums 


Si{a) = 


U!' 


g{x)-Tr'l{ax) 


Qi{a + u) = 'Y iO' 


,g{x)-Tr^{{a+u)x) 


xeTi 


xeTi 


where z = 0,1, • • • ,p — 1. Then we have 
Xfia) 


UJ 


■T. 

a;SFpTi 

a;eF„, 


/(x)-TrJ(ax) 


g(a:)-Tr5* (nx)Tr5* (x)P-1-Tr5* (ax) 


^ 9 {x;)-Tr'^{ax) 




,g{x)-Tr1{{a+u)x) 


+ ■■■+ E 


ux 


g{x)-'Tr^{{a+u)x) 


x£Tp-i 


xGTo xGTi 

=So(a) - Qo(a + u) + Xg(a + u). 

For a j G Fp, we can derive 

(4.1) Y = Y = oj~^^Si{a). 

xeTi xeTi 

It then follows that + j) = oj~^^Si{a). For j G {0,1, • • • ,p — 1}, we can get 

X 5 (a) = E?=o^*(«) 

(4.2) < X9(a + 1) = Ef=o ^ 'Siia) 

Note that 1 + w + • • • + ujP~^ = 0. Adding p equations of (4.2) gives 

*S'o(«) = -Yx 9 i(^ + j)- 


P 


3=0 


Substituting a by o + tt in (4.1) and repeating above process, we have 


1 


p-i 


Qo{a + u) = - Y Xg{a + u + j). 

^3=0 


Finally, we have 

1 ^ " 1 ^ " 

v(“) = -YxgiO' + d) - - Yxgi^ + ^ + d) +Xg{a + u). 


p-i 


p-i 


P 


3=0 


p 


3=0 


□ 
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Theorem 4. Let n = 2k with k > 1 and A G F*^., u G \ Fp such that Tr5^(A ^) = 0 
and Tr”(A“^u) = 0. Then the p-ary function 

(4.3) f{x) = t4{XxP"+^) - Tvf{ux)Ttf{x)P-^ 


is a weakly regular bent function. Moreover, for a G Fpn the corresponding Walsh transform 
coefficient of f{x) is equal to 


Xfia) = 


_pk^-Tv>l{\-^aP +1)^ 
-pk^-'T 4 {^-Ha+u)p''+^) ^ 


ifTTf{X-^a )=0 ; 
ifTW(X-^a)^ 0 . 


Proof. Let g{x) = Tr^(AxP^'''^). By lemma 2, g{x) is a p-ary bent function and 

Ua) = 

for a G Fpn. It then follows from Lemma 6 that 
^ p-i ^ p-i 

X/(«) + + +Xg{a + u) 

P A —n P A —n 


i=o 


i=o 


= -p 


1 


-Tr^(A-laP +l)-iTrJ'(A-l(a^ -|-a))-i2TrJ(A-l) 


P 

^ j=0 


p-1 


_ 1 ^^-Tr^(A-l(a+n)p''+l)-fTrJ(A-l((«-H«F''-Ha-H«))-i^Tr^(A-l) 


P 


j=0 


+ ^-Tt^(A-l(a+«/+l)^ 

/, P -1 , 

~P\ +L-iTr?(A-la)-j2TrJ(A-l) 

XP A—n 


p-1 


_ 1 ,-Tr^(A-l(a+M)’’*'+B-iTr5*(A-la)-iTr5‘(A-l«)-i2TrJ(A-l) 


p 


UJ 


3=0 

( 4 . 4 ) ^^-Tr^(A-l(a+n/+l) 

Since Tr^(A“^) = 0 and Tr”(A“^M) = 0, (4.4) can be simplified to 


p 


E‘ 

3=0 


p-1 


- li V,. -iTrr(A-la) _ 


V 

pU 


U3 


Clearly, if Tr”(A ^a) = 0, then 


If Tr”(A ^a) / 0, then 


Xf{a) = 
x/(a) = 


12 


Therefore |x/(o)l = for all « £ H’p"- fo 

Remark 3. 1) If k = 1, i.e., n = 2, then Tr^(A“^) = A“^ / 0 for A € F*. It is clear that 

Tif{ux)Trf{x)P-^ = uTr^ix) if u £ F;. 

2) It was shown in [17] that the algebraic degree of p-ary weakly bent functions with 
{p— l)re > 4 overWpn is at most ^ . Clearly, the algebraic degree o/Tr”(rta:)Tr”(a:)^“^ 

is at mostp. Expanding lh:f{ux)TTf{xY~^ by the definition of trace function, we can verify 
that there is a term {u^ — u)xP^^~^'> in f{x). Note that uP—u / 0 beause u G Fpn\Fp. This 
implies that the algebraic degree of the p-ary bent function defined by (4-3) is equal top. Up 
to the authors’ knowledge, this is the first class of p-ary bent functions of algebraic degree 
p. In other words, we proved that for any odd prime number p, there is a bent function 

of algebraic degree p. For an odd prime p, some known classes of p-ary monomial and 

binomial bent functions were listed in Table II [18] and Table 1 [34] respectively. Note 
that algebraic degree is an affine invariant. According to Table II [18] and Table 1 [34], 
we conclude that there exist bent functions of the form as in (4-3) which are affinely 
inequivalent to all known ones listed in Table II [18] and Table 1 [34]. 

Example 4. Let p = 7, k = 2 and n = 4. Let a be the generator ofW*^ with a'^ + 5a^ + 
4a + 3 = 0. Take A = , u = . Then f defined by (4-3) is 

fix) = Tr?(a2°0x^°) - Trf(a^°x)Trf(a:)®. 

Using Magma, we can verify that Trf(A“^) = 0, Tr^(A“^u) = 0 and f is bent, which is 
consistent with the results given in Theorem 4- 

Similar to above, by Lemmas 3 and 6, we can obtain another calss of p-ary bent functions 
of algebraic degree p. 

Theorem 5. For any positive integer n > 2, let X & F*n and u G Fpn \ Fp . Then the 
p-ary function f defined as 

(4.5) fix) = TvfiXx'^) - TTfiux)Tifix)P-^ 

is a weakly regular bent function ifTif (^) = 0 and Tr” (^) = 0. 

Remark 4. When n = 2, let a be the generator o/F* 2 . The equation Tr^ ^ + 

- 1 V 1 (P+1)* 

(ix)^ = 0, i.e., xP~^ = —1 has p — 1 solutions a 2 in F* 2 , where i = 2t — 1 for 
1 < i < P — 1- For any solution A of xP~^ = —1, the equation Tr” (^) = 0, i.e., 
4 X + (ax)^ = ^ — 4 \ ~ JxV^ — 0 leads to y & Fp, which is contradict with 

our assumption u G Fpn \ Fp. Therefore we assume that n > 2 in Theorem 5. 

Example 5. Let p = 5 and re = 3. Let a be the generator of¥*^ with a^ -|- 3a + 3 = 0. 
Take A = a®, u = a^‘^. Then f defined by (4-5) is 

fix) = Trf(a®x^) — Trf (a^^x)Trf (x)^. 

Using Magma, we can verify that Trf((4A)“^) = 0, Trf((4A)“^re) = 0 and f is bent, which 
is consistent with the results given in Theorem 5. 

5. Conclusion 

The main purpose of this paper is to provide constructions of p-ary functions with low 
Walsh spectra. We succeed in constructing more quadratic ternary bent, near-bent and 
2-plateaued functions, and determining the distribution of the Walsh spectrum of some 
2-plateaued functions constructed in this paper. In addition, two classes of non-quadratic 
p-ary bent functions are obtained. Furthermore, our computer experiments show that 
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there are more p-aiy bent functions of the form (1.3) which may be obtained via p- 
ary Kasami and Sidelnikov monomials, such as fi{x) = Tr|(,^® 3 :^) + 2Tr^(x)^, f 2 {x) = 
Trf{^x^^) + 2Tr|(x)^ over F 54 , where ^ is a primitive element of F 54 . Unfortunately, the 
bentness of theses functions can not be characterized by our method. We leave this for 
future work. 
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6. Appendix 

Computation of the value distribution of the Walsh transform of 2-plateaued 
fnnction / given by (3.2). 

The condition that TrJ^(A“^u^*'+^) = Tr5^(A“^u^^+^) = 0 and Tr”(A“^u^^u) = 2 leads 
to tt 7 ^ ±u. Otherwise, assume that u = ±u, then Tr”(A“^M^ v) = ±Tr”(A“^u^ +^) = 
±TrJ(Tr^(A-iu3"+i)) = ±2Tr^(A-iu3"+i) = 2, and thus, Tr^(A-iu3"+i) = ±1. This is 
contrary to the assumption that Tr^(A“^u^ +^) = 0. 

Let Tr^(A“^a^ ■'■^) = cq and denote by W the number of a G Fsn such that x/(a) = 

—3^+^a;*, where i = 0,1, 2. The equality (3.7) implies that if Tr5^(A“^a^*'+^) = 0, Tr”(A“^a^*'u) 
0 and Tr”(A“^a^*'u) = 0, then X/(a) = —3^+^. Hence we have 


^0 E E 


^xTr^CA-laS'+l) V- V- 


27 


(1 + a;Tr^(A-G3'=+l) ^ ^ ^TrUA-G3^) 


ClGF3n 


^ ^ (1 +^TrJ(A-la3'=+l) ^^-TrJ(A-la3'=+l)^^^ ^^TrUA-la3"^) 


+ ^-Trr(A-la3 O)(1 + (A-la3 ^ ^-Tr?(A-la3 v)^ 

1 

+ t^-Trr(A-la3%) ^^T7y(A-la3"«) ^^T7y(A-la3"«)+WUA-la3%) 

^Tr5‘(A-la3'‘«)-TrUA-la3'‘j;) ^-TrUA-G3''«) ^-Tr?;*(A-la3''u)+Tr?;*(A-la3'',;) 


Q-GF3n 


( 6 . 1 ) 


+ 00 


-Try(A-la3 «)-Try(A-la3 v) 


)• 


Recalling u,v € Fgn and u 7 ^ ±u, we have 

^±Tr?(A-la3^) ^ ^ ^±TrUA-la3^) 

( 2 .GF 37 T tlGF37T 


Y oj-t>-7(a-G3'=(«±U) 

( 2 .GF 37 T 


( 6 . 2 ) 


= Y w-T>-r(A-G3'=(^±«)) ^ Q_ 

CIGF 37 T 
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From (6.2), the equality (6.1) can be simplified to 

iVo=3"-3 + l ^ (^TVj(A-la3''+l)^^-TrJ(A-la3''+l))^^^^Tr5*(A-la3^) 


< 2^^371 


+ «) +^T^r(A-'a3 «)+TrJ(A-ia3 

_|_ ^Tr5*(A-la3''M)-Tr5*(A-la3''w) _|_ ^-Tr’l(X-^a^'‘u) _|_ u)+TT'l(X-^a^'° v) 

(6.3) + t^-Trr(A-la3'=«)-Trr(A-la3\)^ _ 

Since raising elements of Fgn to the power of 3^ + 1 is a 3^ + 1 to 1 mapping on to F**,, 


E“ 

CIGIF 371 . 


Tr5^(A-la3 +1) ^ ^ ^_Tr^(A-la3 +1) 


(6.4) 


1 + (3^ + 1) = -3^ 


feeF^ 


s'' 


because A G F**,. 

From Tr^(A“^tt^^'''^) = 0, we obtain 

rtk . , _ „,,_i ok 


(6.5) 

and 

( 6 . 6 ) 


^Tr5=(A-la3 +l)±Tr5*(A-la3 u) 

CIGIF 37 I. 

^ ^Tr5'(A-ia3''+i)±Tr5‘(A-ia3''u)+Tr*(A-l«3'=+l) 

ClGF3n 

= Y = -3^ 

CIGF37T. 


Y^ ^-TrJ(A-la3 +l)±Tr5*(A-la3 u) ^ _gk 


Similarly, it follows from Tr5^(A = 0 that 


(6.7) 

and 

( 6 . 8 ) 


Q,GF37T. 

^ ^Tr5'(A-la3''+l)±Tr5‘(A-la3''^)+Tr*(A-lij3''+l) 

aGF37T. 

= Y = -3'^ 

ClGF3n 


E 

CIGF 3 T 


^-Tr*(A-la3''+l)±Tr5‘(A-la3''i,) ^ _^k 
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On the other hand, it follows from Tr5^(A = 0, Tr^(A = 0 and Tr”(A 

2 that 

y~^ ^TrJ^(A-la3''+l)+Tr5‘(A-la3''ti)+Tr5‘(A-la3''i;) 

=U} ^ ^TrJ(A-la3''+l)+Tr5*(A-la3'‘u)+Tr5*(A-la3'‘,;)+Tr5‘(A-lu3'‘'u) 

Q'GIFstT' 


=a; ^T4{\-Ha+v+uf'‘+^) 

(6.9) = - 3^oj. 


Similarly, we have 

Tr5’(A-la3'‘+l)+Tr5‘(A-la3'‘n)-Tr5*(A-la3''-!;) 2 


E- 

Q-GF3n 


( 6 . 10 ) 


=u;- w- 

Q'GF3n 

= - 3V, 


,Tr^(A-l(a--«+0® +^) 


E“ 

Q,GF37T. 


Trf(A-la3''+l)-Tr5*(A-la3''u)+Tr5*(A-la3'',;) 2 


( 6 . 11 ) 

and 


Q'£F3n 

= - 3^0;^ 


,TrJ(A-l(a+'y-«)® ■’'^l 


TrJ(A-la3''+l)-Tr5*(A-la3''n)-Tr5*(A-la3'''!;) ^ 


=uj Y ^ 


,Tr^(A-l(a-i;-n)3 +1) 


ClGF3n 

ifc. 


E- 

ClGF3n 

(6.12) =-3^uj. 

Using Tr5^(A“^u^*'+^) = 0, Tr5^(A“^?;^^+^) = 0 and Tr”(A“^u^*'t') = 2 again, we obtain 

ClGF3n 

E 

Q,GF3ri 


^J2 Sp ^-Tr5=(A-la3''+l)+Tr5*(A-la3''n)+Tr5*(A-la3'''u)-TrUA-lu3'',;) 


X CJ 


-Tr^(A-lu3''+l)-Tr5^(A-ii;3''+l) 


=a;2 V a;Ti-^(-A-i(a-^-n)3 +i) 


(6.13) 

Similarly, we have 


E 

0,GF3ri 

= - 3V. 


E“ 

aSFai 


-TrJ(A-la3 +l)+Tr5*(A-la3 n)-Tr5*(A-^a^ v) ST^ {a+v-uf +0 


(6.14) 


=w Z 

ClGF3n 

= - 3^=0;, 
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^-TrJ'(A-la3'‘+l)-Tr5*(A-la3''u)+Tr5*(A-la3'''!;) 


E- 

tlGF3n 


TrJ(-A-i(a-'u+u)3 +i) 


= -Tuj 


^Tr5’(A-la3''+l)-Tr5*(A-la3''u)-Tr5‘(A-la3'',;) 


E- 

( 2 GF 371 


,TrJ(A-i(a-'u-w)3 +i) 


E 

flGF 3 ri 

(6.15) 
and 

E 

CIGF 3 T 

(6.16) 

Combining (6.3)-(6.16), we get 

No =3-3 + 1(-10 • 3" - 4 • 3"(a; + u^)) = 3-3 - ^6 • 3^ = 3-3 - 2 • 3^-2. 

We next compute Ni and N 2 . According to (3.7), if Tr5^(A“^a3*’+^) = 2, u) = 0 

and Tr”(A“3a3'"^j _ then X/(«) = Therefore we have 


= - 3*^a;2. 


"■4E E 


UJ 


a;(Tr5’(A-la3 +l)-2) 


^ ^j/Tr?(A-la3 u) 


UJ 


2Tr5‘(A-la3 v) 


aEF3n a:EF3 


J/SFs 


^SFs 
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^ (1 + cjl+Tr^iA-laS'+l) ^ ^2-TrJ(A-laS'+l)^^ u) 


Q-GF3n 


^ ^ (l+C^l+Tr^(A-la3'=+l)^^2-TrJ(A-la3'=+l)^^^^^Tr?(A-la3\) 


Q-GF3n 


+ ^-Trr(A-la3 «))(1 + (A-la3 ^ ^-Tr?(A-la3 
_ 1 

+ _^^Try(A-la3''«) _^^Tr5*(A-la3W)+Tr5*(A-la3%) 

+ |^Trr(A"^a®*'«)-Tr5‘(A-la3'‘j;) _|_ ^-Tr5*(A-la3''«) _|_ ^-Tr?;*(A-la3''u)+Tr?;*(A-la3'',;) 
+ tj-Trr(A-la3''ii)-Try(A-la3'''!;)^ 

By a similar process of calculating Nq, we can obtain 

Ni =3—3 + A(_5.3^^ _ 5.3V - 2 • 3^a;(a; + w^) - 2 • 3V(t<; + uj'^)) 


1 


=3-3 + ^(-3 • ?>\uj + uo^)) = 3-3 + 3^-2. 

According to Parseval equation X^asFgn Ia/(o)P = 3^"', we get the number of a G such 
that |x/(<^)| = 3^^3 ig equal to 3—^ and the number of a G Fsn such that x/(a) = 0 is 
equal to 3"’ — 3"’“^. This implies that N 2 = 3”“3 _|_ 3 ^- 2 ^ 
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